In this paper, we consider the circular chromatic number c (G) of series-parallel graphs G. It is well known that series-parallel graphs have chromatic number at most 3. Hence their circular chromatic number is also at most 3. If a series-parallel graph G contains a triangle, then both the chromatic number and the circular chromatic number of G are indeed equal to 3. We shall show that if a series-parallel graph G has girth at least 2b(3k ? 1)=2c, then c (G) 4k=(2k ? 1).
Introduction
The circular chromatic number of a graph is a natural generalization of the notion of chromatic number of a graph, and was introduced by A. Vince 6] , as \the star chromatic number". Given two integers k; d, such that k d, a (k; d)-coloring of a graph G is a coloring c of the vertices of G with colors 0; 1; 2; ; k ? 1 such that for any two adjacent vertices x and y of G we have d jc(x) ? c(y)j k ? d. The circular chromatic number c (G) of G is de ned as the in mum of the ratio k=d for which there exists a (k; d)-coloring of G. Note that a non-trivial graph has circular chromatic number at least 2. It was shown by Vince 6 ] (cf. also 2] for a combinatorial proof) that if G is nite then the in mum in this de nition is always attained, and hence can be replaced by the minimum.
Note that a (k; 1)-coloring of a graph G is just an ordinary k-coloring of G. Therefore we have c (G) (G) for any graph G. On the other hand, it was shown in 6] that c (G) > (G) ? 1 . Hence (G) = d c (G)e. In this sense, for a graph G, the circular chromatic number c (G) is a re nement of the chromatic number (G), and (G) is an approximation of c (G).
Since the in mumcan be replaced by the minimum, the circular chromatic number of a nite graph is always rational. On the other hand, it was shown in 6] that for any rational number r 2, there exists a nite graph G of circular chromatic number r.
Given a property P of graphs, it is usually an interesting and di cult problem to determine whether or not there exists a graph G which has property P, and whose circular chromatic number is equal to a given rational number r. One such problem was discussed in 8]. For an integer g, consider the property of having girth at least g. It was shown in 8] that for any integer g and for any rational number r 2, there exists a graph G which has girth at least g and circular chromatic number r. This result is a generalization of the result of Erd} os concerning the existence of graphs with arbitrarily large girth and chromatic number Another such problem was discussed in 4, 9]; the property considered there is planarity. The authors ask for which rational numbers r there exists a planar graph G with circular chromatic number r. It follows from the Four Color Theorem, that the number r is at most 4. It was shown in 4] that for any rational r between 2 and 3, there is a planar graph G with circular chromatic number r, and it was shown in 9] that for any rational number r between 3 and 4, there is a planar graph G with circular chromatic number r. We conclude that a rational r is the circular chromatic number of a non-trivial planar graph if and only if 2 r 4.
A graph H is called a minor of a graph G if H is isomorphic to a graph which is obtained from a subgraph of G by contracting edges. We say a graph G is H-minor free if H is not a minor of G. As a generalization of the Four Color Problem, Hadwiger conjectured that any graph G with chromatic number at least n contains K n as a minor. In other words, Hadwiger's conjecture asserts that a K n -minor free graph has chromatic number at most n ? 1 (and thus circular chromatic number also at most n ? 1). In 10] it was proved that for any rational 2 r n ? 2, there does exist a K n -minor free graph which has circular chromatic number r. For r between n ? 2 and n ? 1, it remains an open question whether or not there exists a K n -minor free graph with circular chromatic number r. (For r > n ? 1 the problem involves Hadwiger's conjecture as noted above.)
For the special case n = 5 the question has been answered in the a rmative. This is a consequence of the result mentioned above: For any rational number r between 2 and 4 there is a planar (hence K 5 -minor free) graph with circular chromatic number r.
In this paper, we consider the case n = 4. In other words, we ask which rational r between 2 and 3 are the circular chromatic numbers of K 4 -minor free graphs. Surprisingly, we nd that there are gaps among these rational numbers. We shall prove that the circular chromatic number of a K 4 -minor free graph G is either equal to 3 or is at most 8=3. This is in sharp contrast to the situation for K 5 -minor free graphs (as explained above).
It is well known that a graph G is K 4 -minor free if and only if each block of G is a series-parallel graph. It is easy to see that a graph G is (k; d)-colorable if and only if each block of G is (k; d)-colorable. Therefore to prove our results, it su ces to deal with series-parallel graphs.
In proving our result we shall observe that the case c (G) = 3 corresponds to graphs G which contain a triangle, and the case c (G) 8=3 to graphs G of girth at least 4. We are thus lead to investigate the e ect of the girth of a series-parallel graph G on its circular chromatic number c (G).
The main result of this paper is the following theorem:
Theorem 1 Let k be an integer, k 2. If G is a series-parallel graph with girth at least 2b(3k ? 1)=2c, then c (G) 4k=(2k ? 1).
When k = 2, we have the following corollary:
Corollary 1 If G is a triangle free series-parallel graph, then c (G) 8=3.
Since a series-parallel graph containing a triangle has circular chromatic number 3, we also obtain the following corollary:
Corollary 2 If G is a series-parallel graph then either c (G) = 3 or c (G) 8=3.
As explained above, we can extend this to all K 4 -minor free graphs:
Corollary 3 If G is a K 4 -minor free graph then either c (G) = 3 or c (G) 8=3.
The corollary implies that there are no circular chromatic numbers of K 4 -minor free graphs in the interval (8=3; 3). Since both 3 and 8=3 are such circular chromatic numbers (take the triangle and the graph in gure 2) we have found a gap among the rational numbers that are circular chromatic numbers of K 4 -minor free graphs. We do not know whether each rational number between 2 and 8=3 is the circular chromatic number of a K 4 -minor free graph, but rather suspect that there may be other gaps.
Proof of Theorem 1
A two-terminal series-parallel graph (G; x; y) is de ned recursively as follows: Let V (K 2 ) = f0; 1g. Then (K 2 ; 0; 1) is a two-terminal series-parallel graph.
(The parallel construction.) Let (G; x; y) and (G 0 ; x 0 ; y 0 ) be two disjoint two-terminal series-parallel graphs. De ne G 00 to be the graph obtained from the union of G and G 0 by identifying x and x 0 into a single vertex x 00 , and identifying y and y 0 into a single vertex y 00 . Then (G 00 ; x 00 ; y 00 ) is a two-terminal series-parallel graph. (The series construction.) Let again (G; x; y) and (G 0 ; x 0 ; y 0 ) be two disjoint two-terminal series-parallel graphs. De ne G 00 to be the graph obtained from the union of G and G 0 by identifying y and x 0 into a single vertex. Then (G 00 ; x; y 0 ) is a two-terminal series-parallel graph. There are no other two-terminal series-parallel graphs.
Note that (G; x; y) may be a two-terminal series-parallel graph for some pairs x; y and not for others. A graph G is a series-parallel graph if there exist some two vertices x; y such that (G; x; y) is a two-terminal series-parallel graph. We call the distance in G between the two terminals x; y, the length of (G; x; y).
We shall prove Theorem 1 by induction on the number of steps in the construction of (G; x; y). Let k be an integer, k 2, and let I = f0; 1; ; 4k?1g.
We shall view the numbers in I as cyclically ordered, as illustrated in Fig.  1 We now introduce sets J i which are the ones actually used in our proof. They can be introduced directly (cf. below), but their properties are better seen when they are viewed as subsets of the simpler sets I i . In these de nitions (and subsequent proofs) there is a number which plays a central role; we shall denote it by p and de ne it as p = b(3k ? 1) Proof of Theorem 2. Let (G; x; y) be a two terminal series-parallel graph of length t and girth at least 2p. We shall prove Theorem 2 by induction on the number of steps in the construction of (G; x; y).
If (G; x; y) = (K 2 ; 0; 1), then it follows from the de nition that for any colors a and b, if ja ? bj 2 J 1 , then c(x) = a and c(y) = b is a (4k; 2k ? 1)-coloring of G. Assume now that Theorem 2 is true for two-terminal series parallel graphs (G; x; y) and (G 0 ; x 0 ; y 0 ), and that (G 00 ; x 00 ; y 00 ) is obtained from (G; x; y) and (G 0 ; x 0 ; y 0 ) by a parallel operation. Assume that the length of (G; x; y) is t and the length of (G 0 ; x; y) is t 0 , and without loss of generality, assume that t t 0 . It is obvious that the length of (G 00 ; x 00 ; y 00 ) is the minimum of the lengths of (G; x; y) and (G 0 ; x 0 ; y 0 ), i.e., t. Since G 00 has girth at least 2p, it follows that t + t 0 2p, and by Lemma Finally, assume now that Theorem 2 is true for two-terminal series parallel graphs (G; x; y) and (G 0 ; x 0 ; y 0 ), and that (G 00 ; x; y 0 ) is obtained from (G; x; y) and (G 0 ; x 0 ; y 0 ) by a series operation. Assume that the lengths of (G; x; y) and (G 0 ; x; y) are t and t 0 respectively. Then clearly the length of (G 00 ; x 00 ; y 00 ) is t 00 = t + t 0 . Suppose a; b are colors such that ja ? bj 2 J t 00 . We shall nd a (4k; 2k ? 1)-coloring of G 00 such that c 00 (x) = a and c 00 (y 0 ) = b.
By Lemma 3, there exist j 2 J t and j 0 2 J t 0 such that j + j 0 = ja ? bj. 3 Tightness of the bound
First of all, we shall give an example of a series parallel graph G which is triangle free, and whose circular chromatic number is equal to 8=3. This graph G is depicted in Fig. 2 below. The numbers besides the vertices give a (8; 3)-coloring of the graph. Therefore c (G) 8=3. (Note that this also follows from Corollary 1.) To prove that c (G) cannot be strictly less than 8=3, it su ces to note that c (G) = k=d for some k jV (G)j = 12, and the largest fraction k=d which is less than 8=3 and satisfying k 12 is 5=2. We leave it to the readers to verify that G cannot be (5; 2)-colored. This example can be generalized as in Fig. 3 below. The number k (or k + 1) on a line means that that line represents a path of k (or k + 1) edges. It is not di cult to verify that the graph G has circular chromatic number 4k=(2k ? 1). For k 3, we have not been able to construct a series-parallel graph of girth at least 2b(3k ? 1)=2c whose circular chromatic number is equal to 4k=(2k ? 1). However, for many integers k, we are able to construct graphs G of girth 2b(3k ? 1)=2c ? 1 such that c (G) > 4k=(2k ? 1).
For an integer k 2, let g(k) be the smallest integer such that any seriesparallel graph of girth at least g(k) has circular chromatic number at most 4k=(2k ? 1).
As a corollary of Theorem 1 and the example in Fig. 3 Proof. Theorem 1 implies that g(k) 2b(3k?1)=2c. Taking the example in For k = 2, it follows from Corollary 5 that g(2) = 4. It seems very likely that the upper bound for g(k) in Corollary 5 is always the exact value of g(k).
We shall now present examples showing that this is so for k = 3; 4; 5; 6; 7.
In our calculation we will consider the set of all possible di erences of the colours of the two terminals. The reader will recall that this was our main tool in proving Theorem 2. Speci cally, given a series-parallel graph (H; a; b), and integers (k; d), we The series-parallel graph G Figure 5 has girth 9. We shall show that c (G) > 16=7 and hence g(4) = 10. Indeed, A 16;7 (K 2 ; 0; 1) = f7; 8; 9g, and so A 16;7 (G 1 ; x 1 ; y 1 ) = f1; 15g, and A 16;7 (G; x; y) = as above. Now consider the series-parallel graph in Figure 6 , which has girth 13. We show that c (G) > 20=9, and so g(5) = 14, by the following calculations: A 20;9 (G 1 ; x 1 ; y 1 ) = f1; 2; 3; 17; 18; 19g; A 20;9 (G 2 ; x 2 ; y 2 ) = f5; 6; 14; 15g; A 20;9 (G 3 ; x 3 ; y 3 ) = f1; 19g, and A 20;9 ((G; x; y)) = : We have similar constructions for several other values of k, suggesting that the value of g(k) is always equal to the upper bound in Corollary 5. It would be nice to nd a general construction for all values of k.
